In this paper the stabilization of fractional-order chaotic systems and a new property of fractional derivatives are studied. Then we propose a new fractional-order extension of Lyapunov direct method and a control method based on a simple Lyapunov candidate function. The proposed control method can be applied to the stabilization of fractional-order chaotic and hyperchaotic systems. This control method is simple, universal, and theoretically rigorous. Numerical simulations are given for three fractional-order chaotic (or hyperchaotic) systems to verify the effectiveness and the universality of the proposed control method.
Introduction
Fractional-order dynamic systems, which are as a generalization of integer-order dynamic systems, provide better mathematical models for some actual physical and engineering systems [4, 30, 31] . We can find numerous applications in electrochemistry, viscoelasticity, porous media, control, and electromagnetic [2, 3, 5, 6, 37] . The fractional-order nonlinear dynamic systems have many dynamic behaviors which are similar to the integer-order systems, such as bifurcation, chaos, and attractor [13, 17, 24, 43] . The fractional-order chaotic systems are widely studied due to their potential applications in information, physics, chemistry, biology, and other fields [10, 14, 47] . Meanwhile, hyperchaotic systems are also considered with quickly increasing interest. It is usually defined as a chaotic system with more than one positive Lyapunov exponent, which implies that its dynamics are expended in several different directions simultaneously. Hence it has more complex dynamical behaviors than chaotic system. Typical examples are four-dimensional hyperchaotic Chen's system [20] , hyperchaotic Lorenz system [36] , and hyperchaotic Rössler system [22, 32] .
As we know, chaos control is very important but also very difficult in both chaotic systems and hyperchaotic systems. Some control methods are proposed to control fractional-order chaotic systems [1, 17, 46] , such as linear feedback controller [17] , backstepping controller [1] , sliding mode method [46] , and the Lyapunov equation based method [19] . In all these cases, the stability of the whole controlled system have to be analyzed using the fractional-order techniques as well. For the fractional-order linear time invariant systems, the stability can be easily proved using the method proposed by Matignon [28] . The stability of a fractional-order nonlinear time varying system is proposed by Diethelm [9] , but the result is valid only for scalar fractional-order systems. Hence, in order to prove the stability of fractionalorder nonlinear and time varying systems, some other methods must be applied. The important one of these methods is the fractional-order extension of Lyapunov direct method, which is proposed by Li et al. [18] . And in [39] the authors proposed Lyapunov direct method to prove the stability of fractionalorder nonlinear system with time delay. However, it is difficult to find a suitable Lyapunov candidate function. Some authors have presented Lyapunov functions to prove the stability of fractional-order systems [15, 16] . And some Lyapunov functions have been proposed in papers related to fractional-order sliding mode control [7] . But we find that the Lyapunov functions which are proposed in these papers are not simple, and they are valid for fractional-order system with specific characteristics.
In this paper, we propose a new property of fractional-order derivatives which can help us to find a simple Lyapunov function. Then we propose a new fractional-order extension of Lyapunov direct method and a control method to control an arbitrary fractional-order chaotic system. Some sufficient conditions of controlling the fractional-order chaotic systems are proposed. The proposed control method is simple, universal and theoretically rigorous. Numerical simulation results of the control of the fractional-order unified system, the fractional-order Liu's system, and the hyperchaotic Chen system demonstrate the effectiveness and the universality of the proposed control method.
This paper is organized in the following manner. In Section 2 the preliminaries and some definitions are presented. Some control criteria of fractional-order chaotic systems are proposed in Section 3. In Section 4, numerical simulation of the systems shows the effectiveness and the universality of the control method. Finally, conclusions are in Section 5.
Preliminaries and definitions

Fractional derivative and numerical solution of differential equation
Fractional calculus plays an important role in modern science [31, 38] . There are some definitions for fractional derivatives. In this paper, we give two commonly used definitions: Riemann-Liouville (RL), and Caputo and Grünwald-Letnikov definition [30, 34] .
where fractional order α > 0 and Γ (z) = ∞ 0 t z−1 e −t dt is the gamma function.
Definition 2.2. The Caputo derivative with order α of function f(t) is given as
where n − 1 < α < n, n ∈ Z + . Definition 2.3. The Riemann-Liouville derivative with order α of function f(t) is defined as
where n − 1 < α < n, n ∈ Z + . Definition 2.4. The Grünwald-Letnikov derivative with order α of function f(t) is defined as
where n − 1 < α < n.
It follows the definitions of fractional derivatives that the Grünwald-Letnikov fractional derivatives and Riemann-Liouville derivatives are equivalent. The Riemann-Liouville and Caputo definition are not equivalent, and their relation is expressed by
Due to the relation (2.2), the Caputo derivative is equivalent to the Riemann-Liouville derivative if the initial conditions f (k) (a) = 0, k = 0, 1, · · · , n − 1 hold. Then we have another relation as follows.
3)
where n − 1 < α n.
Proof. The relation (2.3) can be proved by the relation (2.2) and the definition of Caputo derivative. Let
where
It follows from the definition of Caputo derivative that C a D α t (t − a) k = 0 with 0 k < α. The left side of the equation (2.4 
Hence, the conclusion (2.3) is obtained.
Given a discretization of [a, T ], a = t 0 < t 1 < · · · < t N = t with t i+1 − t i = h, Riemann-Liouville and Grünwald-Letnikov fractional derivative can be approximated using the following formula, 5) and the Caputo fractional derivative can be approximated using the following relation 6) where c α j = (−1) j α j are binomial coefficients. This scheme is first introduced in [12] and known as GMMP scheme [44] . Based on this GMMP scheme (2.5), we give a numerical method of fractional differential equations. For explaining this method we consider the following equation:
where a D α t denotes the fractional derivative of Riemann-Liouville (or Caputo) definition. If a D α t is the Riemann-Liouville derivative, it follows from formula (2.5) that
i.e.,
If a D α t is the Caputo derivative, it follows formula (2.6) that
Especially, let 0 < α 1, the formula (2.7) can be simplified as follows:
Based on the Grünwald-Letnikov formula, an implicit difference scheme (2.8) has been presented. In the formula (2.8), the x(t N ) is an unknown variable, which is in both sides of the nonlinear equation, then Newton-Raphson method can be used to solve the value of x(t N ) by equation (2.8) . In this paper, the GMMP scheme and Newton-Raphson method are used to obtain the numerical solution of the fractional systems.
Some properties of the fractional derivative
In this paper we mainly consider the fractional order 0 < α < 1. There are some general properties of the fractional-order derivative a D α t (Riemann-Liouville and Caputo definition), which are described as follows [30, 31] . Property 2.6 (Linearity [31] ). Caputo fractional derivative is a linear operation, i.e.,
where λ, µ are real constants. Property 2.7 (Leibniz rule for fractional differentiation [30, 31] ). If f(τ) and ϕ(τ) along with all its derivatives are continuous in [a, t], the fractional derivative of the product ϕ(t)f(t) is given by
In the following, two new properties of fractional-order derivatives are proposed, which can help us to find a simple Lyapunov function.
Property 2.8 (Caputo definition
where the C a D α t denotes the Caputo fractional derivative. Proof. Firstly, let
then proving that expression (2.9) is true is equivalent to prove that
Due to the Caputo definition (2.1), the function (2.10) can be written as
(2.12)
Let us integrate by parts of formula (2.12), the function f(t) can be rewritten as
Let check the first term of formula (2.13), which has an indetermination at τ = t, then we can analyze the corresponding limitation by the L'Hopital rule
And the matrix P is positive definite, then
Hence, we obtain that f(t) 0, i.e., the conclusion (2.9) is clearly true.
where the R a D α t denotes the Riemann-Liouville fractional derivative. Proof. Firstly, let
then proving that expression (2.10) is true is equivalent to prove that
Due to the Riemann-Liouville definition (2.3), the function (2.11) can be written as
(2.15)
Let us integrate by parts of formula (2.15), the function g(t) can be rewritten as
Let check the first term of formula (2.16), which has an indetermination at τ = t, then we can analyze the corresponding limitation by the L'Hopital rule,
and
Hence, we obtain that g(t) 0, i.e. f(t) 0, then the conclusion (2.14) is clearly true.
Remark 2.10. If the positive definite matrix is an identity matrix, i.e., P = I, Properties 2.8 and 2.9 can be written as
Stability of fractional-order system
The fractional-order nonlinear system which is given as
T is a vector function and f i (i = 1, 2, · · · , n) are continuous differential nonlinear functions, α is the fractional order of derivative, x(t) = (x 1 (t), x 2 (t), · · · , x n (t)) T is the system state variable, and 0 D α t denotes the Caputo fractional-order derivative operator. The equilibrium points of this system are calculated by solving f(x * ) = 0. For this fractional-order nonlinear system, the fractional-order extension of Lyapunov direct method has been proposed, which is given as follows [18] . Theorem 2.11. Let x = 0 be an equilibrium point for the nonautonomous fractional-order system (2.17). Assume that there exists a Lyapunov function V(t, x(t)) and class-K functions α i (i = 1, 2, 3) satisfying
where β ∈ (0, 1). Then the equilibrium point of system (2.17) is asymptotically stable.
Stability control of fractional chaotic system
In this section, based on the fractional-order extension of the Lyapunov direct method and the new property of fractional derivatives, we find a suitable Lyapunov function and propose the control criterion of the fractional chaotic system. where α ∈ (0, 1), without loss of generality, let x * = 0 is the equilibrium point and x(t) is the state variable. If there exists a positive definite matrix P, which satisfies
then the origin of the system (3.1) is asymptotically stable.
Proof. Since P is a positive definite matrix, we introduce a Lyapunov function
It follows from Properties 2.8 and 2.9 that
And since x T (t)Pf(x(t)) 0, we have the fractional-order derivative (3.2) of the Lyapunov function is negative definite. Using the relation between positive definite functions and class-K functions in [33] , it follows from Theorem 2.11 that the origin of the system (3.1) is asymptotically stable.
In the following, we would give the control criterion of the fractional chaotic system. Firstly we rewrite the fractional-order chaotic system (3.1) as follows
where Ax(t) is the linear part of system (3.1), and g(x(t))x(t) is the nonlinear part of system (3.1). This way of writing is very general and almost all fractional-order chaotic systems can be written as the form (3.3).
For controlling the fractional-order chaotic system to its equilibrium points, we add linear feedback control input to system (3.3). As we know, the linear controller has many advantages: (1) it is very simple; (2) it is easily realized experimentally; (3) it is more suitable for engineering applications than other controllers.
Hence the controlled fractional-order chaotic system (3.3) with linear feedback control input is given as
where Kx(t) is the linear feedback control input, and the feedback gain matrix K ∈ R n×n needs to be determined. Therefore, our aim is to design a suitable feedback gain matrix K such that the controlled system (3.4) is asymptotically stable.
Theorem 3.2.
The controlled fractional-order chaotic system (3.4) is asymptotically stable at the origin, if the feedback gain matrix K makes the symmetric matrix
negative definite for all x(t), where P is a positive definite.
Proof. For the controlled system (3.4), we introduce the Lyapunov function
where P is a positive definite matrix. It follows from Property 2.8 that
where S = (PA + Pg(x) − PK) T + (PA + Pg(x) − PK) 2 is a symmetric matrix. If S is negative definite for all x(t), we have
It follows from Theorem 3.1 that the controller can make the chaotic system asymptotically stable at the origin.
In this paper, we mainly consider the control of fractional-order chaotic system. As we know, for the fractional-order chaotic system (3.3), the state variable x(t) is bounded. Then we obtain a conclusion: there is a constant matrix C, satisfying
Hence, we can give some corollaries which are simpler than Theorem 3.2.
Corollary 3.3. The controlled fractional-order chaotic system (3.4) is asymptotically stable at the origin, if the feedback gain matrix K makes the matrix S = (PA + PC − PK) T + (PA + PC − PK) 2 negative definite, where P is a positive definite and C is defined as (3.5).
This corollary can be easily proved by Theorem 3.2 and (3.5). If we choose the positive definite matrix P = I, the constant matrix C = cI, and the feedback gain matrix K = kI, where I is the identity matrix, the following corollary can be obtained. , if K = kI satisfies λ max + c − k < 0, the controlled system (3.4) is asymptotically stable at the origin.
Remark 3.5. In these corollaries, these control criteria are sufficient conditions for the stability of the fractional chaotic system. In the application, we only choose the feedback gain matrix K = kI, which satisfies k > λ max + c, then the controller can make the system (3.4) asymptotically stable at the origin. This method is simple and universal. Remark 3.6. In Corollary 3.4, we suppose that the constant matrix is C = cI and the feedback gain matrix is K = kI, then the conclusion is obtained. If we suppose that C and K are diagonal matrices, i.e.,
, according to Theorem 3.2 and Corollary 3.4, we must find suitable k i which satisfies the condition. In many cases, we would find some k i and c i are equal to zero, which make the linear controller simpler.
Simulation and analysis
In this section, two 3D fractional-order chaotic systems and one 4D fractional-order hyperchaotic system are used as examples to show the validity and effectiveness of the control criterion. For the fractional-order chaotic system as form (3.4) , by adding a linear controller and letting the feedback gain matrix satisfy the conditions of Corollary 3.4, the chaotic system can be stabilized to the equilibrium point. We use the GMMP scheme and Newton-Raphson method to solve the numerical solution of the fractional systems.
Stabilization of the fractional-order unified system
The unified system [26] , which is introduced by Lü et al. in 2002, can unify the Lorenz, the Chen and the Lü system. The expressions for the fractional-order unified system is given by [21, 41] 
where a ∈ R and α is the fractional order of derivatives. When a ∈ [0, 0.8), system (4.1) is the fractionalorder generalized Lorenz system; when a = 0.8, it becomes the fractional-order Lü system; when a ∈ (0.8, 1], it is the fractional-order generalized Chen system. If we select a = 1, there are three equilibrium points (0, 0, 0), (3 √ 7, 3 √ 7, 21), and (−3 √ 7, −3 √ 7, 21) in the system. With the fractional order α = 0.9 and initial value (2, 2, 1), the unified system (3.3) can generate chaos which is shown in Fig. 1 . The controlled fractional-order chaotic system (4.1) can be rewritten as form (3.4), It follows by x T (t)g(x(t))x(t) = 0 that C = 0. According to Corollary 3.4, if the matrix S =
− kI is negative positive, the system (4.2) is asymptotically stable. And we can easily obtain that the maximal eigenvalue of matrix
is λ max ≈ 31. So if the the feedback gain matrix K = kI satisfies k > 31, the system is asymptotically stable at the origin. When selecting the k = 32, the numerical results, illustrated in Fig. 2 , show that the fractional-order unified system (4.2) is driven to its equilibrium point (0, 0, 0) asymptotically as t → ∞. 
Stabilization of the fractional-order Liu's system
In 2009, Liu et al. introduced a 3D chaotic dynamical system which is called Liu's system [25] . Its fractional-order version was described by Bhalekar and Gejji [11] , and it has the form: The controlled fractional-order chaotic system (4.3) can be rewritten as form (3.4 
Since the system is chaotic, the state variables are bounded, then we can easily obtain |x 1 (t)| < 2 by numerical simulation. It follows x T (t)g(x(t))x(t) = −ex 1 x 2 2 < 2x 2 2 that c = 2. According to Corollary 3.4, if the matrix S =
is λ max = 2.5. Hence, if the feedback gain matrix K = kI satisfies k > 4.5, the system is asymptotically stable at the origin. When selecting the k = 5, the numerical results, illustrated in Fig. 4 , show that the fractional-order Liu's system (4.4) is driven to its equilibrium point (0, 0, 0) asymptotically as t → ∞. 
Stabilization of the fractional-order hyperchaotic Chen system
In 2005, Li et al. [20] proposed a new hyperchaotic Chen system form, which is described bẏ
where a, b, c, d, k ∈ R. When a = 35, b = 3, c = 12, d = 7, and 0.085 < r 0.798, the system (4.5) is hyperchaotic [42] . Then we consider the fractional version of this system which is given by where α is the fractional order. When a = 35, b = 3, c = 12, d = 7, and r = 0.5, this system has only one equilibrium point at (0, 0, 0, 0). If we consider the commensurate system, according to the numerical simulations, the lowest order of this system to generate hyperchaos is 0.946. If we select the order α = 0.96 and initial value (2, 2, 1, −1), the system exhibits hyperchaotic behavior, as shown in Fig. 5 . The controlled fractional-order chaotic system (4.6) can be rewritten as (3.4),
Since the system is chaotic, the state variables are bounded, then we can easily obtain − kI is negative positive, the system (4.7) is asymptotically stable. And we can easily obtain that the maximal eigenvalue of matrix
is λ max ≈ 20. So if the feedback gain matrix K = kI satisfies k > 63, the system is asymptotically stable at the origin. When selecting the k = 64, the numerical results, illustrated in Fig.  6 , show that the fractional-order unified system is driven to its equilibrium point (0, 0, 0) asymptotically as t → ∞. 
Conclusion
In this letter we proposed a fractional-order controller and presented a control law for the arbitrary dimensional fractional-order systems. According to the Lyapunov stability theorem of the fractionalorder systems, the control law achieved to stabilize the fractional-order chaotic and hyperchaotic systems.
The proposed method provides a theoretical basis for the applications of the fractional-order control in fractional dynamic systems. Our proposed criteria are very simple, universal, and could be easily applied. Furthermore, this method can control fractional-order chaotic and hyperchaotic systems more effectively and quickly than traditional controllers. We have implemented and verified our method for other fractional-order chaotic and hyperchaotic systems [23, 29, 30, 32] namely: the fractional-order NewtonLeipnik's system, the Lü's chaotic system, financial system, hyperchaotic Rössler system, and etc.. The numerical simulation results indicate that the proposed controller can effectively control the fractionalorder chaotic and hyperchaotic systems stable, and the proposed method provides a theoretical basis for the applications of the fractional-order control in fractional-order dynamic systems.
In the future works about this topic, we will consider whether the proposed method can be extended to the control of other complex chaotic systems, such as fractional multi-scroll chaotic systems [27] , and the networked fractional chaotic systems [8, 35, 40, 45] . The multi-scroll chaotic systems have non-smooth functions and complex multi-scroll chaotic attractors which make systems much more complex than the similar fractional chaotic systems. The networked fractional chaotic systems are composed of many nodes, and each node receives information from its adjacent nodes. Extending the proposed method to these system is important for both control theory and application of fractional chaotic system.
